The wave spectral properties in the centimeter to decameter (cmDm) wavelength range is of great interest to ocean remote sensing and studies of ocean surface processes including the surface roughness, air-sea energy and momentum exchanges, wave breaking, and whitecap coverage. For more than six decades, the cmDm wave components are generally considered to be in the equilibrium range, and its spectral function has a constant slope: -5 or -4 in the 1D frequency spectrum, and -3 or -2.5 in the 1D wavenumber spectrum. Some variations of the equilibrium spectrum models include varying the frequency spectral slope from -4 to -5 at some multiple of the spectral peak frequency, or incorporating a threshold velocity in the reference wind speed. Extensive efforts are then devoted to quantifying the spectral coefficient of the equilibrium spectrum function. The observed wind wave spectral slopes in the ocean environment, however, are rarely constant. The variable spectral slope is indicative of the nonequilibrium nature of surface wind waves in the field. As a result the wave properties in field observations are significantly different from those inferred from assuming a constant spectral slope. From signal-to-noise consideration the surface slope measurements are much more sensitive than the elevation data for the study of cmDm waves. Recently, several large datasets of low-pass-filtered mean square slope (LPMSS) have been reported in support of the Global Navigation Satellite System Reflectometry (GNSSR) tropical cyclone wind sensing effort. Combining the LPMSS observations with a spectrum model that accommodates a variable spectral slope, this paper seeks to quantify the connection between the variable spectral slope and the spectral properties of cmDm waves.
Introduction
Ocean surface roughness and surface wave breaking are two processes with significant contributions to microwave remote sensing of the ocean environment. Surface waves much shorter than the wavelength at the energy spectral peak are the major contributor of the ocean surface roughness. The dimensions of surface wave breaking patches are also one to two orders of magnitude shorter than the spectral peak wavelength. There are experimental evidences that these length scales of breaking patches and associated effects on ocean surface processes are detectable in the analyses of surface waveform time series, acoustic noise, radar sea spikes, whitecaps, surface wave spectrum, sea spray aerosol, or microwave sea surface brightness temperature (e.g., Hwang et al., 1989; Ding and Farmer, 1994; Frasier et al., 1998; Phillips et al., 2001; Melville and Matusov, 2002; Hwang and Wang, 2004; Hwang, 2007; Hwang et al., 2008 Hwang et al., , 2016  and references therein). Understanding of the short wave properties is very important to the study of a wide range of subjects including the ocean surface roughness and the related air-sea energy, momentum, and mass exchanges. The knowledge is also crucial to the interpretation of the ocean remote sensing signals using microwave techniques, as well as the design of ocean surface wave spectrum models. The spectral region of the short scale waves mentioned above has been considered to be in the equilibrium range, for which the papers by Phillips (1958 Phillips ( , 1985 represent the pioneering works.
A key criterion of the equilibrium spectrum is the spectral slope. In Phillips (1958) , the equilibrium or saturation frequency spectral slope is -5. The corresponding 1D wavenumber spectral slope is -3. This high frequency asymptote is adopted in the spectrum models of Pierson and Moskowitz (1964) and Hasselmann et al. (1973 Hasselmann et al. ( , 1976 . The Phillips (1958) spectral function is used to study the Bragg resonance mechanism of radar backscattering in the early days (e.g., Wright, 1966 Wright, , 1968 . Phillips (1985) presents an elegant source-function balance discussion and revises the equilibrium frequency spectral slope to -4. The corresponding 1D wavenumber spectral slope is -2.5. The -4 high frequency tail is incorporated in the wind wave spectrum model of Donelan et al. (1985) . Some variations of the equilibrium spectrum modeling include: (a) prescribing the spectral slope to be -4 in a small region just above the spectral peak and then the slope changes to -5 beyond a certain multiple of the spectral peak frequency (e.g., Forristall, 1981; Kitaigorodskii, 1983; Hwang and Wang, 2001; Romero and Melville, 2010; Romero et al., 2012; Lenain and Melville, 2017 ; and references therein); or (b) maintaining the -4 equilibrium spectral slope with the introduction of a threshold wind speed for the reference scaling wind (e.g., Resio et al., 2004; Takagaki et al., 2018; and references therein) .
Empirically, the spectral slope is determined from fitting the spectral components between 1.5fp and 3fp (Donelan et al., 1985) or 2fp and 4fp (Young 2006) , where f is the wave frequency and subscript p indicates the spectral peak component. Numerical computations show that in the general ocean current conditions the Doppler frequency shift does not produce significant frequency change of these wave components in the neighborhood of the spectral peak used for spectral slope determination . Extensive examination of the ocean surface wave spectra did not reveal convincing evidence of a constant spectral slope of -4, or -5, or -4 transitioning to -5. Instead, the measured spectral slope exhibits a stochastic random variation over a rather large range from milder than -3 to steeper than -6. Similar random variation of the spectral slopes is also observed in the wavenumber spectra obtained from processing the 3D ocean surface topography. Hwang et al. (2000) report the average slope of azimuthally average wavenumber spectra varying over some range: -2.270.042 in one dataset and -2.170.087 in another; the ocean surface topography is measured by an airborne ocean surface topographic mapper similar to the one used in the research by Lenain and Melville (2017) . The severe deviation of the observed spectral slopes from the expected equilibrium spectrum values indicates that wind waves in the ocean environment are generally in a state of nonequilibrium.
Random variation of the spectral slope is consistently observed in various sources of wave spectrum datasets. In particular, the fractions of observed spectral slopes within -40.25 and -50.25 are consistently found to be only about 20% to 25%. In essence, the constant spectral slope of -4, or -5, or -4 transitioning to -5 as stipulated in many theoretical equilibrium spectral models cannot be reproduced in field observations. In fact, similar information of spectral slope variability can be found in many published reports (e.g., Forrestal, 1981; Donelan et al., 1985; Young, 1998 Young, , 2006 Hwang et al., 2000 ; this issue will be further discussed in Sec. 2.1.
A correct determination of the spectral slope is fundamental to the accurate description of the wave spectrum, which prescribes the wave energy or momentum or slope distribution in different length or time scales. The wavelengths of special interest to this study are in the centimeter to decameter range. Since these waves cannot be described by the equilibrium spectrum as concluded from the observed significant spectral slope variation, the term "cmDm range" is adopted in this paper instead of the "equilibrium range".
Ocean surface low-pass-filtered mean square slope (LPMSS) measurements represent a very useful data source for the spectral slope investigation. The first systematic LPMSS dataset is reported by Cox and Munk (1954) . By discharging a mixture containing crank case oil, diesel oil, and fish oil, they produce a large area covered with contiguous artificial slick that suppresses short waves, which are estimated to be less than about 0.3 m in wavelength. The technique works well for them to obtain LPMSS data in wind speeds up to about 10 m s -1 . More recently, the Global Navigation Satellite System Reflectometry (GNSSR) has generated considerable interest for its application in tropical cyclone (TC) monitoring (e.g., Ruf et al. 2016 ; and references therein). The achievement is culminated from many GNSSR LPMSS measurements extending the wind speed coverage to about 60 m s -1 (e.g., Katzberg and Dunion, 2009; Gleason, 2013; Katzberg et al., 2013) . The initiative also prompted new LPMSS measurements in hurricanes (e.g., Gleason et al., 2018) . The low-passed cutoff wavelength of the L band (1.4 GHz) GNSSR technique is about 0.6 m.
This paper presents the spectral slope analysis using the traditional ocean buoy data and the LPMSS measurements. Sec. 2 describes the spectral slope observations from the two data sources. Sec. 3 discusses the relevant issues of the spectral coefficient and wind speed dependence, and Sec. 4 summarizes several conclusions.
Spectral slope analysis

In situ observations
Although there are many published reports of wave spectral measurements conforming to the ideal constant spectral slope of -4, or -5, or -4 transitioning to -5, close examinations of the field spectra reveal that the measured spectral slopes vary over some range. For example, Forristall (1981) reports saturation range spectral analysis of waves measured by wave staff and waverider buoy in the Gulf of Mexico, many of the wave spectral examples displayed in the paper deviate obviously from the ideal -4 or -5 or -4 transitioning to -5 spectral function; Donelan et al. (1985) mention a range of -3.5 to -5 spectral slopes in their wave spectra measured by a 14-element wave gauge array in Lake Ontario, Canada; Young (1998 Young ( , 2006 shows a wide range of spectral slopes between -1.7 and -7 from analyzing more than 10 years ocean buoy directional wave spectra produced by TC wind fields in northwest coast of Australia; and report a similar range of spectral slope variation in the wind wave spectra measured by wire gauges on a spar buoy in the Gulf of Tehuantepec, Mexico. As mentioned in Sec. 1, variable spectral slopes are also found in the wavenumber spectra analyzed with the 3D ocean surface topography (Hwang et al., 2000) . spectrum, the wind speed U10, the spectral peak wave period Tp, the dimensionless spectral peak frequency #=pU10g -1 =U10/cp, and the magnitude of the frequency spectral slope sf are given in the square brackets in the legend; g is the gravitational acceleration, cp is the phase speed of the spectral peak wave component, and =2f is the angular frequency. The spectral slope is processed by least squares fitting the spectral components between 2p and 4p, the range is marked by two vertical black dashed lines in the figure. It requires a leap of faith to accept that these observed wave spectra fit the mold of a spectral function with -4, or -5, or -4 transitioning to -5 slopes. with the frequency normalized by the spectral peak frequency S(f/fp). The slopes of the two short magenta segments are -4 and -5; the two vertical black dashed lines represent the region for the spectral slope evaluation (f/fp between 2 and 4). The wind speed U10, the peak wave period Tp, the inverse wave age #, and the magnitude of the spectral slope sf for each spectrum are listed in the legend in square brackets.
[Note: Waves in the ocean are generally made up of wind sea and swells. The swells arrive at the measurement station from distance storms. Only the wind sea properties can be related to the local wind condition. It is emphasized that all the spectra discussed in this paper are the wind sea portion of the measured spectra. The wind sea and swell separation uses the spectrum integration method described in Hwang et al. (2012) .] The mean spectral slopes observed are much steeper than -4, being -4.69, -4.88, and -4.92 respectively for the three wind speed groups. Fig. 2b shows the corresponding cumulative distribution function (CDF)
P(sf).
It is clear that only a minority fraction of the observations can be classified as within some reasonable intervals of a constant spectral slope. For example, the cumulative probability is about 15% for slopes within -40.25 and 20~25% for slopes within -50.25. Similar results are observed in other NDBC data, and they are generally consistent with the previous reports of Young (1998, 2006) and . 
Remote sensing observations
Elevation and slope spectra
The spectral density in the frequency spectrum decreases sharply from the peak toward the high frequency region, for example, the spectral densities in the 2fp to 4fp region in the Fig. 1a samples are one to three orders of magnitude smaller than their peak values. Issues of spectral leakage and instrument or environmental noise are always a concern in the study of short scale waves using the wave elevation spectrum.
A different data source especially useful for the short wave analysis is the wave slope measurements.
In the spectral representation 
The associated spectral parameters , , and  vary with sf and #, the full expressions are given in Hwang et al. (2017) and summarized in the Appendix. [Young (2006) also gives the same spectral function but his spectral parameters do not vary with the spectral slope.] For Fig. 3 , the wind speed U10 is 10 m s -1 , the dimensionless spectral peak frequency # is 2, results
for sf = 4.0, 4.5, 5.0, and 5.5 are illustrated; a vertical thin line marks the spectral peak frequency p, and two dashed lines mark 2p and 4p. With the elevation spectrum, the signal in the region of interest (2p to 4p) for the spectral slope analysis is about one to three orders of magnitude smaller than the overall signal level represented by the spectral peak value (Fig. 3a) . With the slope spectrum, they are of the same order of magnitude (Fig. 3b) . The comparison highlights the advantage of the surface slope data over the elevation data for the study of the spectral slope.
The slope spectrum is frequently given as a function of wavenumber, especially in remote sensing applications for which the lateral length scale of the surface roughness is of great significance when considering resonance or tilting roughness components. An informative representation is the semilogarithmic plot of the dimensionless wavenumber spectrum B(k)=k 3 S(k); Fig. 3c shows the B(k) corresponding to the frequency spectra shown in Figs. 3a and 3b. In this semilogarithmic plot, the areas under the curves between some wavenumber range are the mean square slopes integrated over the given wavenumber range. In contrast to the relatively minor impacts near the spectral peak region, the spectral slope effects are substantial in the cmDm range. This is especially important in the analysis of the spectral slope information using the surface slope data or vice versa.
LPMSS measurements
As mentioned in the Introduction, many surface slope data have been collected in support of remote sensing applications. Fig. 4 shows the wind speed dependency of the LPMSS data assembled from Cox and Munk (1954) , Dunion (2009), Gleason (2013) , Katzberg et al. (2013) , and Gleason et al. (2018) . In the figure legend, C54 is Cox and Munk (1954) ; K0913 combines Katzberg and Dunion (2009) and Katzberg et al. (2013) , and G1318 combines Gleason (2013) and Gleason et al. (2018) . Most of the K0913 and G1318 data are obtained inside tropical cyclones. More details about these LPMSS datasets have been given in the original papers and summarized in Section II of Hwang and Fan (2018), they are not repeated here.
Both methods of deriving the LPMSS from the sun glitter (C54) and GNSSR (K0913 and G1318) analyses are based on bistatic reflectometry, for which the specular reflection is the dominant mechanism and the tilting slopes are the surface roughness detected by the measurement systems. For the sun glint analysis of C54, the Sun is the electromagnetic (EM) source and the camera carried in the aircraft is the passive receiver. The suppression of the short scale waves for the low-passed filtering of the surface roughness is through the application of oil slicks. In K0913 and G1318, the EM source is the transmitters in the GNSS and the passive receivers on aircraft or satellite complete the measurement system. The lowpassed filtering of the surface roughness is through the EM wavelength: the shortest wavelength of the low-passed tilting roughness is about three times the EM wavelength. For the GNSS L band frequency (1.41 GHz), the corresponding tilting roughness cutoff wavenumber ktilt is 9.85 rad m -1 , in the subsequent computation of LPMSS using the wave spectrum models, ktilt is rounded up to 10 rad m -1 . to # = 1 and 3, which represent the approximate envelopes of the # range of the wind seas generated by hurricane wind fields as observed in hurricane reconnaissance and research missions (e.g., ; and references therein). Several conclusions can be reached from this figure: (a) In low and moderate winds (U10 less than about 10 m s -1 ), the LPMSS data show only a weak sensitivity to the spectral slope.
(b) As wind speed increases, the spectral slope effects become very distinctive and extracting the spectral slope information from the LPMSS data becomes more feasible.
(c) Spectral slopes milder than -4.5 can be excluded from consideration in moderate to high wind conditions.
(d) The LPMSS values show some complex dependence on three factors: U10, #, and sf.
Spectral slope estimation using the LPMSS data
The same three factors (U10, #, and s) discussed in Sec. 2.2.2 also uniquely define the G spectrum.
Hwang and Fan (2018) describe a procedure to use the LPMSS data to estimate the average spectral slope for the G spectrum. As mentioned earlier, the high-wind LPMSS data are collected inside hurricanes. The procedure takes advantage of the analysis results showing that the wind and wave fields inside TCs possess several similarity relationships useful for establishing the wind wave spectrum at any location inside the TC. The detail is presented in Section III of Hwang and Fan (2018) ; the following gives a brief summary.
Based on the analyses of the wind and wave measurements from eleven hurricane reconnaissance and research missions, it is found that the hurricane maximum wind speed U10m and its radius rm are two of the most important factors in the hurricane wind and wave similarity relationships. The wind and wave parametric models described in Hwang and Fan (2018) are built on these two hurricane parameters and a couple more to be discussed below.
The wind speed parametric model is based on the modified Rankine vortex model (Holland, 1980; Holland et al., 2010) . To account for the wind field asymmetry, the vortex wind speed is normalized by U10m, which is the maximum wind speed along a radial transect with a given azimuth angle ,   
where r is the radial distance from the hurricane center, the normalized radial distance is * / m r r r  , the azimuth angle is measured from the hurricane heading, increasing counterclockwise (CCW). Based on the examination of archived NOAA HWIND 2D wind fields in several historical hurricanes, the following formula is used for U10m:
where m is the azimuth angle of the location of the overall maximum wind speed U10m; the U10m location is mostly in the right-hand side relative to the hurricane heading, with higher probability in the right-front quadrant ( between 270 and 360) than the right-back quadrant ( between 180 and 270). The wind field asymmetry factor a1U varies mostly between about 0.1 and 0.2. 
The coefficients a0, a1, and  vary with * r and they are empirically determined from the hurricane reconnaissance and research measurements 
With U10(r,) and #(r,) given by the parametric models, the spectral slope -sf(r,) becomes the only remaining unknown factor in the G spectral function for the LPMSS computation at any location (r,) inside the TC. Fig. 5a shows two examples of the computation with sf=4.7 and 5.0, superimposed in the figure are the LPMSS data. It is clear that neither constant slope produces satisfactory comparison with the full set of the LPMSS data. comparisons with a wide range of hurricane parameters are given in Hwang and Fan (2018) .
Discussion
Spectral coefficient
, there is a close correlation between the proportionality coefficient and the exponent from least squares fitting of experimental data. The dimensionless spectral coefficient is related to Kf or Kk. For example, the high frequency portion of the G spectrum model can be written as
, the corresponding wavenumber spectrum is
where k=f/2 and the wavenumber spectral slope is -sk=-(sf+1)/2; the dimensionless spectral coefficient can be calculated from the fitted proportionality coefficient, i.e., Fig. 6 shows an example of data processing to obtain the spectral coefficients of the NDBC buoy spectra used for illustration in this study ( Figs. 1 and 2 ). The top row shows the results of data processing based on the measured wave spectral slope, and the bottom row shows the results based on assuming a fixed -4 frequency spectral slope. To make the distinction, subscripts s and 4 are appended to the coefficient labels Kf and f in the upper and lower rows, respectively. It is clear that assuming a constant spectral slope suppresses the ranges of the processed coefficients; the computational results are presented in log-log scales in the left column and linear scales in the right column with the same horizontal and vertical spans for easy comparison. (b) and (d) are the corresponding spectral coefficient f; the color coding is #=U10/cp. In (b) the two smooth curves are computed G spectrum f for #=0.8 and 2.0 .
The G spectral coefficient f is a function of both sf and # (Appendix), the blue solid and red dashed lines in Fig. 6b are computed with #=0.8 and 2, respectively. The f dependence on sf is weak at mature stage and much stronger in younger seas. The field results are rather scattered and yield only a crude agreement.
Wind speed dependence
Frequency wave spectrum analysis
To examine the wind speed dependency of the spectral function in the cmDm range, (9) can be rewritten
Where X = 5 -sf is the explicit wind speed exponent. Because the product enclosed in the square brackets in (11) is a function of sf and #, the latter contains U10, i.e., #=pU10g
-1 , and the mean value of sf shows some U10 dependence, it is necessary to sort the data into small sf and # bins in order to extract the explicit wind speed dependence embedded in Kf. Fig. 7a shows an example displaying Kf within the # bin 1.1~1.3
with different color markers for the four sf bins identified in the legend. The power function exponent obtained from least squares fitting are noted at the left end of each fitted curve. In Fig. 7b , the exponents, here denoted as XK, as a function of the average sf are illustrated with black markers for four different # bins identified in the legend. If f is independent on U10 aside from the # and sf dependencies as given in the formulation (Appendix), XK is expected to be the same as X=5-sf, which is illustrated with a dashed line in the figure. The data scatter is rather large but the values of XK are closer to 6-sf, which is shown with a dashed-dotted line. The result suggests that f has additional quasi-linear wind speed dependence.
The least squares fitting is also applied to f, the resulting wind speed exponents, here denoted as X, are shown in Fig 
Wavenumber observations
The wind sensitivity is of great interest to ocean remote sensing and there is a big volume of research results on the subject, especially with respect to the exponent of the power function relating the measured EM signal (e.g., the radar backscattering cross section or microwave radiometer brightness temperature) to the wind speed or wind friction velocity. Fig. 8a shows a summary of results assembled from an extensive collection of remote sensing and in situ measurements of the wind friction velocity exponent of short scale waves. More details of the analyses are summarized in Hwang (1997) , Trokhimovski and Irisov (2000) , and Hwang and Wang (2004) ; the three references are labeled H97, T00, and H04, respectively in the legend. Of special interest to this study is the wavenumber range between about 1 and 20 rad m -1 .
Many interesting surface features such as the breaking patch sizes fall into the corresponding spectral wavelengths between about 0.3 and 6 m (e.g., Hwang et al., 1989; Ding and Farmer, 1994; Frasier et al., 1998; Phillips et al., 2001; Melville and Matusov, 2002; Hwang and Wang, 2004; Hwang, 2007; Hwang et al., 2008 Hwang et al., , 2016 ; and references therein). As shown in Fig. 8a , for these wavelengths the wind friction velocity exponent is much less than one so the wind sensitivity clearly deviates from the linear dependence expected from the equilibrium spectrum function (e.g., Phillips, 1985)   
where the magnitude of the wavenumber spectral slope is sk=3-0.5Y, and Y is the exponent of the explicit wind friction velocity power function. Because sk=(sf+1)/2, the explicit wind exponent is related to the wavenumber or frequency spectral slope as 6 2 5
The analysis leading to (14) yields the expectation of the same wind dependence whether expressed as the wind speed or wind friction velocity power function. However, because of the nonlinear drag coefficient dependence on wind speed, the relation between * u and U10 is approximately (Fig. 8b) ; the data shown in Fig. 8a greater than about 30 m s -1 ( Fig. 8b; Hwang, 2018 ).
Conclusions
The wave spectral slopes in field measurements vary over a wide range and deviate from the constant values expected in the theoretical equilibrium spectrum models. This observation indicates that the ocean surface waves are generally in a state of nonequilibrium.
Expressed as a power function for the short (cmDm) wave spectrum
, the proportionality coefficient and wind sensitivity of the spectral function is closely related to the spectral slope. Processing of the spectral measurements assuming a constant spectral slope severely distorts the true nature of the wind wave spectral properties. The correct determination of the spectral slope is critical to an accurate prescription of the spectral properties of cmDm waves.
